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QUANTUM SYMMETRIES OF THE DEFORMATION
QUANTIZATION OF SU(3)
MITSURU WILSON
Abstract. We prove a criterion of when a coaction of a compact Lie group
on an algebra of continuous functions on a compact manifold extends to a
coaction of deformation quantizations of the Lie group on the deformation
quantization of the algebra. We compute an explicit example of a compact
quantum group SU(3)θ, which arises as a deformation quantization of the Lie
group SU(3) by an action of its maximal torus. Using the criterion, we deter-
mine exactly when the action of SU(3) on S5 extends to a coaction of SU(3)θ
on the noncommutative 5-sphere S5
θ′
. Furthermore, this coaction is shown to
be cotransitive. A coaction of SU(3)θ on the product of two noncommutative
5-sphere (S5 × S5)θ′ is constructed and we derive a nontrivial subalgebra of
coinvariant elements.
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1. Introduction
Every field theory of particle physics is based on certain symmetries. QCD, for
instance, is a gauge theory of the symmetry group SU(3). This gauge group is
obtained by taking the colour charge to define a local symmetry. The strong in-
teraction does not discriminate between flavours of quarks but SU(3) detects the
flavours of quarks as a symmetry. Therefore, studying this group alone offers a
great amount of information about symmetries of particle physics.
In this paper, we consider a noncommutative version of the group SU(3) in the
framework of isospectral deformation of manifolds introduced in [7], and study its
properties as a quantum compact group. In fact, this version of deformation of
compact Lie groups to quantum compact groups was first introduced by Rieffel in
[14] using his theory of deformation quantization [15], which is closely related to the
framework of [7]. [10] computed exactly which values θij of S
7
θ the natural action of
the group SU(2) on S7 extends to an action of SU(2) on S7θ . This is a application
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of our main result in this paper, Lemma 5.3. Moreover, the algebra of invariant
elements of this action was shown to be isomorphic to a noncommutative 4-sphere
S4θ′ . It gives a noncommutative analogue of the Hopf fibration. Although the group
SU(2) does not admit a deformation in the framework of [14], the construction
of Hopf fibration was generalized to the quantum group SUq(2) [11], which is a
different deformation than our framework.
This paper, therefore, generalizes the construction of noncommutative fibration
in [10] to the θ-deformation SU(3)θ of SU(3) to a quantum compact group.
In Section 2, we review the construction of deformation quantization and re-
late the noncommutative toric deformation to deformation quantization. Section
3 is devoted to the deformation quantization of quantum compact group, which is
inferred as noncommutative toric deformation. In Section 4, we compute the de-
formation C(SU(3)θ) of the algebra of continuous functions on SU(3); we compute
the commutation relations that the coordinate functions satisfy.
In Section 5, we prove Lemma 5.3. This lemma gives the criterion as to when a
coaction of a group on the algebra of functions extends to the deformation. This
lemma is used to endow the noncommutative 5-sphere S5θ′ with a coaction of SU(3)θ.
It is also proved that when the action extends to the coaction of the deformed
algebra structures, the coaction is cotransitive. Finally in Section 6, we construct
a coaction of SU(3)θ with a nontrivial algebra of coinvariant elements. We deform
the manifold S5 × S5 to a noncommutative toric manifold (S5 × S5)θ′ .
2. Noncommutative toric manifolds and deformation quantization of
manifolds
In this section we discuss the construction of noncommutative toric manifolds as a
special case of Rieffel’s deformation quantization along the action of Rn [15]. The
construction of noncommutative toric manifolds proceeds as follows [7]. Given a
compact Riemannian manifold M endowed with an action of a n-torus Tn, n ≥ 2,
the algebra C∞(M) of smooth functions on M can be decomposed into isotypic
components C∞(M)~r =
{
f ∈ C∞(M) : αt(f) = e
2πit·~rf
}
indexed by ~r ∈ T̂n = Zn.
A deformed algebra structure can, then, be given by the linear extension of the
product of two functions f~r and g~s in some isotypic components. A new product
×J on these elements is given by
(2.1) fr × gs = χ(r, s)frgs,
where χ : Zn × Zn → T is an antisymmetric bicharacter on the Pontryagin dual
Zn = T̂n of Tn i.e. χ(s, r) = χ(r, s). The bicharacter relation
χ(r, s+ t) = χ(r, s)χ(r, t), χ(r + s, t) = χ(r, t)χ(s, t), s, t ∈ Zn
ensures the associativity of the new product. For instance,
χ(r, s) := exp (πi r · θs)
where θ = (θjk) is a real skew symmetric n × n matrix gives a noncommutative
deformation of the algebra structure. The involution for the new product is given
by the complex conjugation of the functions. We denote the algebra with the new
multiplication ×θ by C(Mθ).
The definition of a new product in (2.1) is a discrete version of the Rieffel’s
deformation quantization [15] by viewing the action as a periodic action of Rn.
3First of all, Rieffel expressed the deformed product of an algebra endowed with an
action of Rn in the integral form
a×J b =
∫
V×V
αJs(a)αt(b) e
2πis·t ds dt(2.2)
where a and b belong to an algebra A and J is a skew symmetric real n× n matrix
[15]. This integral may be interpreted as an oscillatory integral. α : V →Aut(A) is
a strongly continuous action of a finite dimensional vector space V ∼= Rn on A. The
oscillatory integral (2.2) makes sense a priori only for elements a, b of the smooth
subalgebra A∞ (which is a Fre´chet algebra) of A under the action α i.e. v 7→ αv(a)
is smooth.
A∞ can be given a suitable pre C∗-norm for which the product ×J is continuous
in a way that the completion with respect to this norm obtains the deformed algebra
AJ . This justifies that the deformed product can be extended to the entire algebra
AJ .
It should be remarked that the smooth subalgebra remains unchanged as vector
spaces (AJ )
∞ = A∞, even though they have different products [14, Theorem 7.1].
If the action α of V is periodic, then αv(a) = a for all v in some lattice Λ ⊂ V and
a ∈ A. α can, then, be viewed as an action of the compact abelian group H = V/Λ.
Then A∞ admits a decomposition into a direct sum of isotypic components indexed
by Λ = Ĥ . It is shown in [15, Proposition. 2.21] that if αs(ap) = e
2πip·sap and
αt(bq) = e
2πiq·tbq with p, q ∈ Λ, then (2.1) defines an associative product.
The noncommutative toric manifolds [7] based on the deformation quantization
(2.1), as far as the algebra structure is concerned, is a special case of Rieffel’s
deformation quantization theory. The same remarks are also made in [16].
3. Compact quantum Lie groups associated with n-torus
We apply the construction in Section 2 to a compact Lie group G of rank n ≥ 2
or equivalently Tn ⊂ G. The natural action α(X,U)(f)(g) = f (exp(−X)g exp(U))
of the Lie algebra Rn × Rn of Tn × Tn can be used to deform the algebra C(G) of
continuous functions. This is clearly a periodic action of Rn. However, not every
choice of deformation of this kind respects the coalgebra structure. In [15] Rieffel
constructed a class of deformation of compact Lie groups of rank n ≥ 2 to compact
quantum groups using his theory of deformation quantization. As noncommutative
spaces, the resulting quantum groups are noncommutative toric manifolds.
With the notations above, let θ : Rn → Rn be a skew symmetric linear operator
and view θij ∈ R as parameters of the deformation. It was shown in [14] that the
formula (2.1) with J = θ ⊕ (−θ) with the unaltered coalgebra structure endows
the algebra of continuous functions on the compact Lie group with a quantum
group struture. Other choices of J will not yield a quantum group. We denote
the deformed algebra by C(Gθ). Moreover, the deformation C
∞(Gθ) of smooth
functions on G remains dense in C(Gθ) [14].
In fact, the coproduct defined by ∆(f)(x, x′) = f(xx′) extends to a continu-
ous homomorphism ∆ : C(Gθ) → C(Gθ) ⊗ C(Gθ). Here, the interpretation of
C(Gθ) ⊗ C(Gθ) is given by C ((G×G)θ⊕θ) ∼= C(Gθ) ⊗ C(Gθ) [15]. Moreover, the
counit ǫ(f)(x) = f(e) remain a homomorphism and the coinverse S(f)(x) = f(x−1)
remain an anti-homomorphism, and they satisfy all the compatibility conditions in
the deformation. Lastly, since the normalized Haar measure determines a linear
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functional µ on C(G), µ gives a normalized state on C(Gθ). This state extends to
a normalized tracial state µθ : C(Gθ) → C defined by µθ(f) = µ(f). In fact, this
tracial state is a Haar state, which satisfies the properties in Theorem 4.2 of [15].
Theorem 4.2 of [15]. The Haar measure µ on C(G) determines a Haar state
on the quantum group C(Gθ). That is, a continuous linear functional µθ that is
unimodular in the sense that
(id⊗ µθ) ◦∆ = ι ◦ µθ
(µθ ⊗ id) ◦∆ = ι ◦ µθ,
(3.1)
(id⊗ µθ) (1⊗ a) (∆b) = (id⊗ µθ) ((S ⊗ id)∆a) (1⊗ b) ,(3.2)
µθ ◦ S = µθ.(3.3)
Furthermore, µθ is a faithful trace on C(Gθ).
We denote this faithful trace simply by µ.
In [15] Rieffel determined the unitary dual of Gθ. He showed that irreducible
representations of G give all the irreducible corepresentations of C(Gθ) and vice
versa. Although it was shown in [15] that if π and ρ are representations of G on V
and W , respectively, then V ⊗W and W ⊗V are equivalent, the equivalence is not
given by the flip map σπρ : V ⊗W →W ⊗V , σπρ(v⊗w) = w⊗ v. The equivalence
π ⊗ ρ ∼ ρ⊗ π is given by
ρ⊗ π = σρπR
−1
πρ (π ⊗ ρ)Rπρσρπ(3.4)
where Rπρ(v⊗w) =
∫
πexp(θKX)v⊗ρexp(θV )e
2πiX·V . This is not so surprising since
[19, Proposition 2.4] showed that a compact matrix group with the property that
if the map σ for every pair of representations is an interwining operator then the
quantum group is necessarily commutative. However, in our setting, we will use
only the fact that irreducible representations of G give irreducible corepresentations
of C(Gθ) and vice versa, and not (3.4) explicitly.
Remark 3.1. The number of parameters of the deformation can be computed easily.
It is given by the number of independent parameters in a skew symmetric linear
map K : Rn → Rn, which has n(n−1)2 parameter.
4. Noncommutative toric deformations of SU(3)
In this section we compute the noncommutative toric deformation SU(3)θ of SU(3)
using the approach in Section 3. As aforementioned, it turns SU(3)θ into a quantum
group.
We use the maximal torus T2 ⊂ SU(3) to deform the algebra C∞(SU(3)) via
deformation quantization. The coordinates uij of U ∈ SU(3) satisfy the relation
3∑
k=1
ujkujl = δkl,
3∑
k=1
ukjulj = δkl
Let θ =
(
0 −θ
θ 0
)
and
T
2 =

e2πiϕ1 0 00 e2πiϕ2 0
0 0 e−2πi(ϕ1+ϕ2)
 : ϕj ∈ R
 .
5be a maximal torus of SU(3). In fact, monomials in the coordinates are the isotypic
components of the action
αx,s(f(U)) = f (exp(−x)g exp(s))
= f
 e−2πi(x1−s1)u11 e−2iπ(x1−s2)u12 e−2iπ(x1+s1+s2)u13e−2iπ(x2−s1)u21 e−2iπ(x2−s2)u22 e−2iπ(x2+s1+s2)u23
e2iπ(x1+x2+s1)u31 e
2iπ(x1+x2+s2)u32 e
2iπ(x1+x2−s1−s2)u33

of T2×T2. Each coordinate function is in an isotypic componentA~n, ~n = (n1, n2, n3, n4),
of this action. Then using the formula (2.2),
uij ×θ ukl = e
πiθ(−n1m2+n2m1+n3m4−n4m3)uijukl,
uij ∈ A~n and ukl ∈ A~m. Thus, we obtain the following commutation relations.
u11u12 = e
2πiθu12u11, u13u11 = e
2πiθu11u13, u21u11 = e
2πiθu11u21,
[u11, u22] = 0, u23u11 = e
4πiθu11u23, u11u31 = e
2πiθu31u11,
u11u32 = e
4πiθu32u11, [u11, u33] = 0, u12u13 = e
2πiθu13u12,
u12u21 = e
4πiθu21u12, u22u12 = e
2πiθu12u22, [u12, u23] = 0,
[u12, u31] = 0, u12u32 = e
2πiθu32u12, u12u33 = e
4πiθu33u12,
[u13, u21] = 0, u22u13 = e
4πiθu13u22, u23u13 = e
2πiθu13u23,
u13u31 = e
4πiθu31u13, [u13, u32] = 0, u13u33 = e
2πiθu33u13,
u21u22 = e
2πiθu22u21, u23u21 = e
2πiθu21u23, u31u21 = e
2πiθu21u31,
[u21, u32] = 0, u33u21 = e
4πiθu21u33, u22u23 = e
2πiθu23u22,
u31u22 = e
4πiθu22u31, u32u22 = e
2πiθu22u32, [u22, u33] = 0,
[u23, u31] = 0, u32u23 = e
4πiθu23u32, u33u23 = e
2πiθu23u33,
u31u32 = e
2πiθu32u31, u33u31 = e
2πiθu31u33, u32u33 = e
2πiθu33u32.
The coalgebra structure restricted these elements is given by
∆(uij) =
3∑
k=1
uik ⊗ ukj , ǫ(uij) = δij , S(uij) = u
∗
ji.
Then, C(SU(3)θ) is a compact quantum group.
The Theorem 3.9 of [17] shows that the algebra generated by {uij} is dense in
C(SU(3)θ), and therefore that C(SU(3)θ) is a compact matrix quantum group.
Theorem 3.9 in [17]. The algebra generated by the polynomials in the coordinates
{uij} is dense in C(SU(3)θ).
5. Coaction of C(SU(3)θ) on C(S
5
θ′)
As an example, we construct a coaction of C(SU(3)θ) on C(S
5
θ′) in this section.
It is a generalization of the classical action of SU(3) on S5. We prove that this
coaction is cotransitive. This is analogous to the case of the classical action of
SU(3) on S5 because it is transitive. However, the extent to which it remains a
coaction at the algebraic level depends on the dependence of the parameters of both
deformations. We found that the classical action cannot be lifted to a coaction of
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the deformed Hopf algebra structure on the noncommutative 5-sphere C(S5θ′) for
arbitrary parameters.
The noncommutative 5-sphere C(S5θ′) is a noncommutative toric deformation of
the algebra of continuous functions on the 5-sphere S5 and is the algebra generated
by three normal elements z1, z2 and z3 satisfying the commutation relations
zjzk = e
2πiθjkzkzj, zjz
∗
k = e
2πiθkjz∗kzj ,
3∑
k=1
zkz
∗
k = 1.
where θjk = −θkj .
Definition 5.1. Let H be a Hopf algebra and A an algebra. An algebra map
ρ : A→ H ⊗A
is called a (left) coaction if
i) (∆⊗ id) ◦ ρ = (id⊗ ρ) ◦ ρ and
ii) (ǫ⊗ id) ◦ ρ = id.
For instance, S5 ⊂ C3 so the action of SU(3) on S5 is given by the matrix
multiplication (z1, z2, z3)
T 7→ U(z1, z2, z3)
T , (z1, z2, z3)
T ∈ S5 and U ∈ SU(3).
The dual version of this action is the coaction given by zj 7→
∑3
k=1 ujk ⊗ zk.
Let H = C(SU(3)θ) and A = C(S
5
θ′). Then, a coaction of the quantum group
H on A can be given by the following proposition.
Theorem 5.2. Let θ′ = (θ′ij) and −θ12 = θ13 = −θ23 = θ. Then for this particular
choice of the values of the parameters of A and H, the linear map δ : A→ H ⊗A
defined by δ(zj) =
∑3
k=1 ujk ⊗ zk extends to a left coaction of H on the algebra A.
This coaction is cotransitive in the sense that AcoHθθ = C.
To prove Theorem 5.2, we prove the following lemma.
Lemma 5.3. Let A be a algebra and H a Hopf algebra both equipped with n-torus
Tn actions, αt and βt, respectively. Then, a coaction ρ : A → H ⊗ A of H on A
extends to a coaction of ρθ : Aθ → Hθ′ ⊗Aθ if for each a =
∑
~n
a~n and b =
∑
~n
a~n the
following holds.
eπiθ(~n,~m)
∫
Tn×Tn
ρ(αt(a~n))ρ(αs(b~m))e
−2πi(t·~n+s·~m)
=
∑
(~n′,~p),(~m′,~q)
e2πi(θ
′(~n′, ~m′)+θ(~p,~q))×
∫
T2n×T2n
βt′ ⊗ αt(ρ(an))βs′ ⊗ αs(ρ(bn))×
e−2πi(t
′
·~n′+t·~p+s′·~m′+s·~q)dt′dtds′ds
(5.1)
Moreover, the algebra of coinvariant elements AcoHθθ ⊂ Aθ consists of the same
elements as AcoH .
Proof. Note that a~n =
∫
Tn
αt(a)e
−2πi(t·~n). For ρ to be a homomorphism with
respect to the new products, we need to have
ρ(a×θ b) = ρ(a)×θ′⊕θ ρ(b)
7The left hand side gives
ρ(a×θ b) = ρ
∑
~n,~m
eπiθ(~n,~m)a~nb~m

=
∑
~n,~m
eπiθ(~n,~m)ρ(a~n)ρ(b~m)
=
∑
~n,~m
eπiθ(~n,~m)
∫
Tn×Tn
ρ(αt(a))ρ(αs(b))e
−2πi(t·~n+s·~m)dtds
while the right hand side gives
ρ(a)×θ′⊕θ ρ(b) =
(∑
~n
ρ(a~n)
)
×θ′⊕θ
(∑
~m
ρ(b~m)
)
=
∑
~n,~m
ρ(a~n)×θ′⊕θ ρ(b~m)
=
∑
~n,~m
∑
(~n′,~p),(~m′,~q)
e2πi(θ
′(~n′, ~m′)+θ(~p,~q))×
∫
T2n×T2n
βt′ ⊗ αt(ρ(an))βs′ ⊗ αs(ρ(bn))×
e−2πi(t
′
·~n′+t·~p+s′·~m′+s·~q)dt′dtds′ds .
This proves that ρ is a homomorphism if this condition (5.1) is satisfied.
To show that the ρ is a coaction, note that the coproduct ∆ and the coaction
itself ρ are unchanged. Therefore, the conditions i) and ii) of right coaction is
automatically satisfied.
Since the coaction ρ is unchanged, we see that the coinvariant elements remain
unchanged. 
Proof of Theorem 5.2. We show that the equation (5.1) holds for those choices of
values of θjk. For instance,
δ(z1) = u11 ⊗ z1 + u12 ⊗ z2 + u13 ⊗ z3
δ(z2) = u21 ⊗ z1 + u22 ⊗ z2 + u23 ⊗ z3
The choice of θ′ for which the deformation C(SU(3)θ) remains a Hopf algebra is
θ′(n′,m′) = θ′ (n′2m
′
1 − n
′
1m
′
2 − n
′
4m
′
3 + n
′
3m
′
4), θ
′ ∈ R but the choice of θ a priori
remains free. Now,
δ(z1 ×θ z2) = e
πiθ12δ(z1)δ(z2)
while∑
(~n′,~p),(~m,~q)
e2πi(θ
′(~n′, ~m′)+θ(~p,~q))
∫
βt′ ⊗ αt(δ(an))βs′ ⊗ αs(δ(bn))e
−2πi(t′·~n′+t·~p+s′·~m′+s·~q)
=eπi(−θ+0)u11u21 ⊗ z1z1 + e
πi(0−θ12)u11u22 ⊗ z1z2 + e
πi(−2θ−θ13)u11u23 ⊗ z1z3
+ eπi(−2θ−θ12)u12u21 ⊗ z2z1 + e
πi(−θ+0)u12u22 ⊗ z2z2 + e
πi(0+θ23)u12u23 ⊗ z2z3
+ eπi(0−θ13)u13u21 ⊗ z3z1 + e
πi(−2θ−θ23)u13u22 ⊗ z3z2 + e
πi(−θ+0)u13u23 ⊗ z3z3
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From the above relation only the necessary condition for the values of θ = (θjk)
are already restricted to θ12 = −θ13 = θ23 = −θ where θ
′ = θ times a skew adjoint
matrix. The condition (5.1) says that it is enough to prove such relations for the
isotypic components of the algebra. The rest of the commutation relation can be
checked similarly. Thus, δ is a coaction. 
There is another criterion to which a coaction remains a coaction with respect
to the deformed products.
Lemma 5.4. Let A be an algebra and H a Hopf algebra both equipped with n-torus
Tn actions. Then, an equivariant coaction ρ : A → H ⊗ A of H on A extends to
a coaction of ρθ : Aθ → Hθ ⊗ Aθ. Moreover, the algebra of coinvariant elements
AcoHθθ ⊂ Aθ consists of the same elements as A
coH .
Proof. First, we show that ρ remains a homomorphism under the assumptions. Let
a =
∑
l∈Zn al and b =
∑
r∈Zn br, al =
∫
Tn
αt(a)e
2πil·tdt and br =
∫
Tn
αt(b)e
2πir·tdt
ρ(a×θ b) = ρ(
∑
l,r∈Zn
eπiθ(l,r)albr)
= ρ
 ∑
l,r∈Zn
eπiθ(l,r)
(∫
Tn
αt(a)e
2πil·tdt
)(∫
Tn
αt(b)e
2πir·tdt
)
=
 ∑
l,r∈Zn
eπiθ(l,r)
(
ρ(
∫
Tn
αt(a)e
2πil·tdt)
)(
ρ(
∫
Tn
αt(b)e
2πir·tdt)
)
=
 ∑
l,r∈Zn
eπiθ(l,r)
(∫
Tn
αt(ρ(a))e
2πil·tdt
)(∫
Tn
αt(ρ(b))e
2πir·tdt
)
= ρ(a)×θ ρ(b).
(5.2)
To check that the other compatibility conditions, since ρ already satisfies
(1H ⊗ ρ) ◦ ρ(a) = (∆⊗ 1A) ◦ ρ(a)
(ǫ⊗ 1A) ◦ ρ(a) = a
and the coproduct ∆ and the counit ǫ are unaltered the above equalities still hold.
This proves that ρ is a coaction with respect to the deformed product.
We would like to show, now, that AcoHθθ = A
coH . Recall that
AcoH = {a ∈ A : ρ(a) = 1⊗ a}.
Since ρ(a) = 1 ⊗ a for all a ∈ AcoH and elements of A can be regarded as the
elements of Aθ, by the very extension of ρ, we have that a ∈ A
coHθ
θ . Likewise if
c ∈ AcoHθθ , then ρ(c) = 1 ⊗ c. Using the same argument by interchanging A
coHθ
θ
and AcoHθθ , we have that c ∈ A
coHθ
θ . 
In the next section, a coaction with nontrivial coinvariant algebra will be con-
structed.
96. Fibration of
(
S5 × S5
)
θ′
as a SU(3)θ-bundle
In this section, a noncommutative toric deformation of the fibration SU(3) →
S5 × S5 →
(
S5
)invSU(3)
is constructed. Classically, it is not hard to see that
S5 × S5 is a principal SU(3)-bundle over its invariant elements. Unlike the case of
S5, the action is not transitive. In [10] a noncommutative analogue of Hopf fibration
SU(2)→ S7θ → S
4 was considered but the quantum group was the classical group
SU(2). SU(2) cannot be deformed to a noncommutative Hopf algebra in the present
framework because it has only rank 1. This section generalizes this construction to
a case of a quantum compact group SU(3)θ.
The coinvariant subalgebra of the product of two noncommutative 5-spheres(
S5 × S5
)
θ′
with respect to the coaction is computed. On the other hand, according
to the procedure of [7], S5 × S5 can be deformed to a noncommutative space with
15 parameters but for the same reason as the case of S5θ′ , the linear coaction need
not lift to a coaction on the algebra for arbitrary choices of the parameters. We
also determine the parameters of θ′ of
(
S5 × S5
)
θ′
for which the coaction can be
extended to the algebra. At the classical level of S5 × S5, the natural action is
defined by the diagonal action
α : (z1, z2, z3, w1, w2, w3)
T 7→
(
U 0
0 U
)
(z1, z2, z3, w1, w2, w3)
T , U ∈ SU(3),
which easily extends to a right coaction
δ(zs) =
3∑
k=1
usk ⊗ zk , s = 1, 2, 3,
δ(wt) =
3∑
ℓ=1
utℓ ⊗ wℓ , t = 1, 2, 3
(6.1)
where z1, z2, z3, w1, w2, w3 are generators of the algebra of
(
S5 × S5
)
θ′
.
For convenience of writing the commutation relation, we let w1 = z4, w2 = z5
and w3 = z6 so that
zjzk = e
2πiθ′jkzkzj , zjz
∗
k = e
−2πiθ′jkz∗kzj,
[
zj, z
∗
j
]
= 0
z1z
∗
1 + z2z
∗
2 + z3z
∗
3 = z4z
∗
4 + z5z
∗
5 + z6z
∗
6 = 1
We now compute the coinvariant elements.
Theorem 6.1. If θ′ were chosen so that
θ = −θ′12 = θ
′
13 = −θ
′
23 = −θ
′
45 = θ
′
46 = −θ
′
56,
λ1 = θ
′
14 = θ
′
25 = θ
′
36, λ2 = θ
′
15 = θ
′
26 = θ
′
34, λ3 = θ
′
16 = θ
′
24 = θ
′
35
(6.2)
and
λ1 − λ2 = −λ1 + λ3 = θ,(6.3)
then the above map δ in (6.1) extends to a coaction on A
(
S5 × S5
)
θ′
. The subal-
gebra B = A
((
S5 × S5
)
θ′
)
coHθ
of coinvariant elements is generated by
{
1, z∗1z4 +
z∗2z5 + z
∗
3z6, z1z
∗
4 + z2z
∗
5 + z3z
∗
6
}
. Moreover, the ∗-subalgebra B is commutative.
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Proof. Using the same argument of the proof of Theorem 5.2, θ = −θ′12 = θ
′
13 =
−θ′23 = −θ
′
45 = θ
′
46 = −θ
′
56. Further calculation using (5.1) shows that the rest of
the parameters need satisfy θ′16 = θ
′
24 = θ
′
35, θ
′
15 = θ
′
26 = θ
′
34 and θ
′
14 = θ
′
25 = θ
′
36.
Since the subalgebra A(
(
S5 × S5
)
θ′
)coHθ of coinvariant elements is the same
by Theorem 5.2, it amounts to computing the SU(3) coinvariant elements of the
diagonal SU(3) coaction on S5 × S5. Of course, they are not difficult to compute
and they are generated by
{
1, z1z
∗
4 + z2z
∗
5 + z3z
∗
6 , z
∗
1z4 + z
∗
2z5 + z
∗
3z6
}
.
Let
w = z1z
∗
4 + z2z
∗
5 + z3z
∗
6
and B is the algebra generated by w, w∗ and 1. By using λ1 = θ
′
14 = θ
′
25 = θ
′
36,
e2πiλ1w∗ = z∗1z4 + z
∗
2z5 + z
∗
3z6. To see that the generators w and w
∗ commute, it
suffices to show that zjz
∗
j+3 and zk+3z
∗
k commute for all j, k = 1, 2, 3. This requires
the use of (6.2) and (6.3). This is an easy computation.
For instance,
z3z
∗
6z5z
∗
2 = e
−2πiθz3z5z
∗
6z
∗
2
= e2πi(−θ−λ2)z3z5z
∗
2z
∗
6
= e2πi(−θ−λ2+λ3)z5z3z
∗
2z
∗
6
= e2πi(−θ−λ2+λ3−θ)z5z
∗
2z3z
∗
6
but from (6.3), λ2−λ3 = 2θ. Therefore, z3z
∗
6z5z
∗
2 = z5z
∗
2z3z
∗
6 . Other computations
are similar. 
Remark 6.2. In fact, this Theorem 6.1 shows that even in the classical case, θ = 0,
the noncommutative manifold (S5×S5)θ′ admits an action of the group SU(3). In
contrast, it was not possible for SU(3) to act on S5θ unless θ were the zero matrix.
Proposition 6.3. The element w in Theorem 6.1 satisfies the following commu-
tation relations.
(6.4) zjw = e
−2πiλ1wzj and zjw
∗ = e2πiλ1w∗zj
Proof. It can be proved by direct computations. For instance,
z1w = z1z1z
∗
4 + z1z2z
∗
5 + z1z3z
∗
6
= e−2πiλ1z1z
∗
4z1 + e
−2πi(θ+λ2)z2z
∗
5z1 + e
−2πi(λ3−θ)z3z
∗
6z1
= e−2πiλ1wz1.
where we used (6.2) in the second equality and (6.3) in the third equality. Other
computations are similar. 
Corollary 6.4. The elements w and w∗ are central elements of A(S5 ×W 5)θ′ .
Classically, since SU(3) action on S5×S5 is free and proper, the dimension of the
base manifold S5×S5/SU(3) is 2. Therefore, the subalgebraA
((
S5 × S5
)
θ′
)coC(SU(3)θ)
of coinvariant elements is a noncommutative analogue of a 2-dimensional manifold
(although it is a commutative algebra).
We now construct the instanton projection. Note that coequivariant maps φ :
C3 → C(S5 × S5)θ′ are of the form
φ(ej) = z
∗
j , j = 1, 2, 3 or
φ(ej) = z
∗
j , j = 4, 5, 6
(6.5)
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and the coequivariant maps φ :
(
C3
)∗
→ C(S5 × S5)θ′ are of the form
φ(ej) = zj , j = 1, 2, 3 or
φ(ej) = zj , j = 4, 5, 6
(6.6)
Set ~Z ′1 = (z1, z2, z3)
T and ~Z ′2 = (z4, z5, z6)
T . Note that, by using the relations in
the algebra, these elements are unit vectors but they are not orthogonal. Instead,
we will use
~Z1 = (z1, z2, z3)
T
~Z2 = (z4 − e
2πiλ1z1w
∗, z5 − e
2πiλ1z2w
∗, z6 − e
2πiλ1z3w
∗)TQ
(6.7)
~W1 = (z
∗
1 , z
∗
2 , z
∗
3)
T
~W2 = (z
∗
4 − e
−2πiλ1wz∗1 , z
∗
5 − e
−2πiλ1wz∗2 , z
∗
6 − e
−2πiλ1wz∗3)
TQ
(6.8)
where Q = (1− ww∗)−1. One can check that ~Zj
∗ ~Zk = δjk
Let
v =
(
~Z1 ~Z2
)
.(6.9)
Then, p(1,0) = vv∗ and p(0,1) = v(v)∗ are projections. Explicitly, the projections
are given by
p(1,0) =
z1z∗1 + (z4 − λz1w∗)Q2 (z∗4 − λ¯wz∗1) z1z∗2 + (z4 − λz1w∗)Q2 (z∗5 − λ¯wz∗2) z1z∗3 + (z4 − λz1w∗)Q2 (z∗6 − λ¯wz∗3)z2z∗1 + (z5 − λz2w∗)Q2 (z∗4 − λ¯wz∗1) z2z∗2 + (z5 − λz2w∗)Q2 (z∗5 − λ¯wz∗2) z2z∗3 + (z5 − λz2w∗)Q2 (z∗6 − λ¯wz∗3)
z3z
∗
1 + (z6 − λz3w
∗)Q2
(
z∗4 − λ¯wz
∗
1
)
z3z
∗
2 + (z6 − λz3w
∗)Q2
(
z∗5 − λ¯wz
∗
2
)
z3z
∗
3 + (z6 − λz3w
∗)Q2
(
z∗6 − λ¯wz
∗
3
)

(6.10)
=
z1z∗1 + (z4 − λz1w∗) (z∗4 − λ¯wz∗1)Q2 z1z∗2 + (z4 − λz1w∗) (z∗5 − λ¯wz∗2)Q2 z1z∗3 + (z4 − λz1w∗) (z∗6 − λ¯wz∗3)Q2z2z∗1 + (z5 − λz2w∗) (z∗4 − λ¯wz∗1)Q2 z2z∗2 + (z5 − λz2w∗) (z∗5 − λ¯wz∗2)Q2 z2z∗3 + (z5 − λz2w∗) (z∗6 − λ¯wz∗3)Q2
z3z
∗
1 + (z6 − λz3w
∗)
(
z∗4 − λ¯wz
∗
1
)
Q2 z3z
∗
2 + (z6 − λz3w
∗)
(
z∗5 − λ¯wz
∗
2
)
Q2 z3z
∗
3 + (z6 − λz3w
∗)
(
z∗6 − λ¯wz
∗
3
)
Q2

and
p(0,1) =
z∗1z1 +Q (z∗4 − λ¯wz∗1) (z4 − λz1w∗)Q z∗1z2 +Q (z∗4 − λ¯wz∗1) (z5 − λz2w∗)Q z∗1z3 +Q (z∗4 − λ¯wz∗1) (z6 − λz3w∗)Qz∗2z1 +Q (z∗5 − λ¯wz∗2) (z4 − λz1w∗)Q z∗2z2 +Q (z∗5 − λ¯wz∗2) (z5 − λz2w∗)Q z∗2z3 +Q (z∗5 − λ¯wz∗2) (z6 − λz3w∗)Q
z∗3z1 +Q
(
z∗6 − λ¯wz
∗
3
)
(z4 − λz1w
∗)Q z∗3z2 +Q
(
z∗6 − λ¯wz
∗
3
)
(z5 − λz2w
∗)Q z∗3z3 +Q
(
z∗6 − λ¯wz
∗
3
)
(z6 − λz3w
∗)Q

(6.11)
=
z∗1z1 + (z∗4 − λ¯wz∗1) (z4 − λz1w∗)Q2 z∗1z2 + (z∗4 − λ¯wz∗1) (z5 − λz2w∗)Q2 z∗1z3 + (z∗4 − λ¯wz∗1) (z6 − λz3w∗)Q2z∗2z1 + (z∗5 − λ¯wz∗2) (z4 − λz1w∗)Q2 z∗2z2 + (z∗5 − λ¯wz∗2) (z5 − λz2w∗)Q2 z∗2z3 + (z∗5 − λ¯wz∗2) (z6 − λz3w∗)Q2
z∗3z1 +
(
z∗6 − λ¯wz
∗
3
)
(z4 − λz1w
∗)Q2 z∗3z2 +
(
z∗6 − λ¯wz
∗
3
)
(z5 − λz2w
∗)Q2 z∗3z3 +
(
z∗6 − λ¯wz
∗
3
)
(z6 − λz3w
∗)Q2

where λ = e−2πiλ1 and the second equalities for these projections follow from the
corollary of Proposition 6.3.
We denote the images of p(1,0) and p(0,1) on B3 by E(1,0) := p(1,0)B3 and E(0,1) :=
p(0,1)B3, respectively. The irreducible representations V (n,m) of SU(3) are labeled
by a pair of positive integers (n,m) and are given by
V (n,m) ⊂ Symn V (1,0) ⊗ Symm V (0,1)
where V (1,0) ∼= C3 is the left regular representation of SU(3) and V (0,1) ∼= (C3)∗
is the dual representation of V (1,0). In general the above containment is strict and
the dimension of V (n,m) is given by 12 (n+ 1)(m+ 1)(n+m+ 2). Clearly, E
(1,0) is
a right B-module.
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More generally, one can define the right B-module E(n,m) associated with any
irreducible representation V (n,m) on SU(3), for a pair of positive integers (n,m).
Set
~Up,s = Sym
(
~Z1
⊗(n−p+1)
⊗ ~Z2
⊗(p−1)
)
⊗ Sym
(
~W1
⊗(m−s+1)
⊗ ~W2
⊗(s−1)
)
cp,s
where cp,s is a normalizing element. These vectors are already orthogonal. With
cp,s =
√(
n
p
)(
m
s
)
, it is normalized. Then,
p(n,m) =
n∑
p=1
m∑
s=1
~Up,s ~Up,s
∗
(6.12)
defines a projection.
One associates to each projection p(n,m) a (Grassmannian) connection on each
module
∇ := p(n,m) ◦ d : E(n,m) −→ E(n,m) ⊗B Ω
1(B)
where Ω(B) is the differential calculus in the sense of [6].
The first Chern characters of the projections p(1,0) and p(0,1) can be computed
as follows.
ch0
(
p(1,0)
)
: = tr(p)
= z1z
∗
1 + (z4 − λz1w
∗)(z∗4 − λ¯wz
∗
1 )Q
2
+ z2z
∗
2 − (z5 − λz2w
∗)(z∗5 − λ¯wz
∗
2)Q
2 + z3z
∗
3 − (z6 − λz3w
∗)(z∗6 − λ¯wz
∗
3 )Q
2
= 1 +
(
(z4z
∗
4 − z4λ¯wz
∗
1 − (z
∗
4 − λ¯wz
∗
1)) + (z5 − λz2w
∗)(z∗5 − λ¯wz
∗
2 ) + (z6 − λz3w
∗)(z∗6 − λ¯wz
∗
3)
)
Q2
= 1 + (z4 − λz1w
∗)(z∗4 − λ¯wz
∗
1)Q− (z5 − λz2w
∗)(z∗5 − λ¯wz
∗
2)− (z6 − λz3w
∗)(z∗6 − λ¯wz
∗
3)Q
2
= 2
(6.13)
and likewise ch0
(
p(1,0)
)
= 2 as well.
Moreover, the curvature of ∇ associated to p(1,0) and p(0,1) can be computed
readily.
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Proposition 6.5. The components of the curvature F = ∇2 of the connection
corresponding to the projections p(1,0) are given respectively by
(F (1,0))1
ab
c
 =(z1z∗1 + (z4 − λz1w∗)Q2(z∗4 − λ¯wz∗1 ))(d((z1z∗1 + (z4 − λz1w∗)Q2(z∗4 − λ¯wz∗1 ))da
+ (z1z
∗
2 + (z4 − λz1w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z1z
∗
3 + (z4 − λz1w
∗)Q2(z∗6 − λ¯wz
∗
3 ))dc))
+ z1z
∗
2 + ((z4 − λz1w
∗)Q2(z∗5 − λ¯wz
∗
2))(d((z2z
∗
1 + (z5 − λz2w
∗)Q2(z∗4 − λ¯wz
∗
1))da
+ (z2z
∗
2 + (z5 − λz2w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z2z
∗
3 + (z5 − λz2w
∗)Q2(z∗6 − λ¯wz
∗
3 ))dc))
+ (z1z
∗
3 + (z4 − λz1w
∗)Q2(z∗6 − λ¯wz
∗
3))(d((z3z
∗
1 + (z6 − λz3w
∗)Q2(z∗4 − λ¯wz
∗
1))da
+ (z3z
∗
2 + (z6 − λz3w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z3z
∗
3 + (z6 − λz3w
∗)Q2(z∗6 − λ¯wz
∗
3 ))))
(F (1,0))2
ab
c
 =(z2z∗1 + (z5 − λz2w∗)Q2(z∗4 − λ¯wz∗1 ))(d((z1z∗1 + (z4 − λz1w∗)Q2(z∗4 − λ¯wz∗1 ))da
+ (z1z
∗
2 + (z4 − λz1w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z1z
∗
3 + (z4 − λz1w
∗)Q2(z∗6 − λ¯wz
∗
3 ))dc))
+ z2z
∗
2 + ((z5 − λz2w
∗)Q2(z∗5 − λ¯wz
∗
2))(d((z2z
∗
1 + (z5 − λz2w
∗)Q2(z∗4 − λ¯wz
∗
1))da
+ (z2z
∗
2 + (z5 − λz2w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z2z
∗
3 + (z5 − λz2w
∗)Q2(z∗6 − λ¯wz
∗
3 ))dc))
+ (z2z
∗
3 + d(z5 − λz2w
∗)Q2(z∗6 − λ¯wz
∗
3))(d((z3z
∗
1 + (z6 − λz3w
∗)Q2(z∗4 − λ¯wz
∗
1))da
+ (z3z
∗
2 + (z6 − λz3w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z3z
∗
3 + (z6 − λz3w
∗)Q2(z∗6 − λ¯wz
∗
3 ))))
(F (1,0))3
ab
c
 =(z3z∗1 + (z6 − λz3w∗)Q2(z∗4 − λ¯wz∗1 ))(d((z1z∗1 + (z4 − λz1w∗)Q2(z∗4 − λ¯wz∗1 ))da
+ (z1z
∗
2 + (z4 − λz1w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z1z
∗
3 + (z4 − λz1w
∗)Q2(z∗6 − λ¯wz
∗
3 ))dc))
+ z3z
∗
2 + ((z6 − λz3w
∗)Q2(z∗5 − λ¯wz
∗
2))(d((z2z
∗
1 + (z5 − λz2w
∗)Q2(z∗4 − λ¯wz
∗
1))da
+ (z2z
∗
2 + (z5 − λz2w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z2z
∗
3 + (z5 − λz2w
∗)Q2(z∗6 − λ¯wz
∗
3 ))dc))
+ (z3z
∗
3 + (z6 − λz3w
∗)Q2(z∗6 − λ¯wz
∗
3))(d((z3z
∗
1 + (z6 − λz3w
∗)Q2(z∗4 − λ¯wz
∗
1))da
+ (z3z
∗
2 + (z6 − λz3w
∗)Q2(z∗5 − λ¯wz
∗
2))db + (z3z
∗
3 + (z6 − λz3w
∗)Q2(z∗6 − λ¯wz
∗
3 ))))
(6.14)
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